
Environmental	Engineering	Systems	(www.warrenstiver.ca/EES/)		 1	

Sample	Problem:	CSTR	with	Reaction	
	

Problem:  
A	lake	has	a	contamination	concentration	of	16.0	μg/m3	on	January	1,	2011.		The	inlet	river	has	
a	flow	rate	of	32.0	m3/s	and	has	a	NEW	(starting	Jan	1,	2011)	steady	contamination	level	of	42.0	
μg/m3.		The	lake’s	volume	is	3.76x108	m3	and	is	constant.		The	contaminant	is	consumed	by	a	
reaction	that	is	zero	order	with	respect	to	the	contaminant	and	the	zero-order	reaction	rate	
coefficient	is	8.2x10-13	g/m3/s.		What	is	the	contaminant	concentration	in	the	lake	on	January	1,	
2012	and	January	1,	2018?	
 
 
Solution: 
Sketch 
 
 
 
 

 Lake ! CSTR assumption 
 
   Vlake = V  = 2.76x108	m3		(constant) 
   

Constant Volume means that   
 

Q = Qin = Qout = 32.0 m3/s 
  

Concentration Information 
 

C (on Jan 1, 2011) = Co = 16.0 µg/m3  (consider Jan 1, 2011 as time zero) 
  

Cin = 42 µg/m3  (starting Jan 1, 2011) 
 
 Desire C (on Jan 1, 2012 and Jan 1, 2018) … 1 and 7 years later  
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Clake
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Cin

Qout
Cout
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Steady State Mass Balance, Lake as CV: 
 

𝐼𝑛 − 𝑂𝑢𝑡 + 𝐺𝑒𝑛 − 𝐶𝑜𝑛𝑠 = 𝐴𝑐𝑐 
 
  

Valuable to consider whether a steady state or unsteady state analysis is appropriate (i.e. 
whether the Accumulation term is significant).  Determining the system’s hydraulic 
retention time is useful in this context.    
 

𝐻𝑅𝑇 =  
𝑉
𝑄 =  

3.76x10! m! 
 32 m!/s = 1.18 𝑥10! 𝑠 = 136 𝑑 

    
 

Thus, 7 years later is the equivalent about 19 HRTs -- more than enough time to reach a 
new steady state.  One year is approximately 2.6 HRTs – this is sufficient to approach 
steady state but not quite there.  

 
Solve for the easier steady state concentration first (for the Jan 1, 2018):  

No generation is evident in the context description. 
  Accumulation term is zero (Steady state). 
  Consumption is zero order reaction =  kV C0 = kV 
 

𝑄 ∗ 𝐶!" − 𝑄 ∗ 𝐶 − 𝑘𝑉 = 0 
 
  Rearrange to solve for C 
 

𝐶 = 𝐶!" −  
𝑘𝑉
𝑄 = 42

𝜇𝑔
𝑚! −  

8.2 𝑥10!!" 𝑔
𝑚! 𝑠 ∗ 3.76 𝑥10! 𝑚!

32𝑚
!

𝑠

= 32.4
𝜇𝑔
𝑚!  

 
 

Thus, the concentration in the lake on January 1, 2018 is 32.4 µg/m3. 
 
Solve for the unsteady state concentration on January 1, 2012: 
 

𝑄 ∗ 𝐶!" − 𝑄 ∗ 𝐶 − 𝑘𝑉 = 𝑉 
𝑑𝐶
𝑑𝑡

 
 
Rearrange (separation of variables) 
 

𝑑𝐶
𝐶 − 𝐶𝑖𝑛 + 𝑘𝑉/𝑄

!

!"
=  −

𝑄
𝑉  𝑑𝑡

𝑡

0
  

 
Integrate 
 

𝑙𝑛
𝐶 − 𝐶!" + 𝑘𝑉/𝑄
𝐶! − 𝐶!" + 𝑘𝑉/𝑄

=  −
𝑄𝑡
𝑉   
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Note:  the right hand portion of the numerator and denominator in the log term is the steady state 
concentration previously calculated.   

𝐶!" −  
𝑘𝑉
𝑄 = 𝐶!! = 32.4

𝜇𝑔
𝑚! 

Thus 
 

𝑙𝑛
𝐶 − 𝐶!!
𝐶! − 𝐶!!

=  −
𝑄𝑡
𝑉  

 
Solving for C at 1 year 

𝐶 = 31.2
𝜇𝑔
𝑚! 

 
 
Thus, the concentration in the lake has increased from 16.0 µg/m3 on January 1, 2011 to 31.2 
µg/m3 on January 1, 2012 and to 32.4 µg/m3 on January 1, 2018. 
 
(Note:  the steady state concentration is less than the inlet concentration as a result of the zero 
order reaction) 
 


